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TOM TAT

Bai toan gidi chap trong mo hinh sai s6 do uong, noi cac quan sat bi nhiéu dugc moé ta bdi ¥; =
X;+¢; v8i €; ~ N (0,06%)) c6 phuong sai chua biét, da dugc trinh bay véi muc tiéu la khoi phuc
ham phén phdi tich 1y Fx cta bién ngadu nhién muc tiéu X chi t& mot mau quan sat nhiéu duy
nhat. Khac véi phan I6n cac nghién ctu tap trung vao udc lugng mat do, suy luan truc tiép Fx, mot
dai lugng giau thong tin va c6 nhiéu Uing dung trong danh gia rui ro, kiém dinh va phan loai dugc
khdo sat.

Thii tuc gém udc luong bén tham sé gém hai budc: (i) udc luong phuong sai nhiéu 6 truc tiép ti
dir liéu quan sét; va (ii) thay thé gia tri uéc lugng nay vao phuong phap giai chap dé thu dugc udce
lugng cho Fx. Khi phan phéi Fx thudc I6p ordinary smooth, dac trung bdi diéu kién suy gidm da
thic ctia ham ddc trung trong khdng gian Soboley, ching téi chig minh bé udc luong dat téc
do hoitu (lnn)_(a“/z). T6c dd nay trung véi chudn minimax trong trudng hop phuong sai nhiéu
da biét, cho thédy kha nang thich nghi hoan toan véi muic nhiéu chua biét ma khong lam gidm hiéu
qua théng ké.

Phuong phap nay khéng yéu cau bét ky mau bé sung nao nhu di liéu thuan nhiéu hay phép do
lap lai, nha d6 phu hgp vai nhiéu béi canh thuc nghiém noi dirliéu han ché. Bay la cong trinh dau
tién cung cap dam bao ly thuyét day du cho udc lugng ham phan phéi trong mé hinh giai chap
Gaussian v&i phuong sai chua biét trong mién ordinary smooth.

Tu khoa: Giai chap, Ham phan phéi, Nhiéu Gaussian, Udc lugng ban tham sé

Trich dan bai bao nay: Thai P H, Nguyen H T. GIAI CHAP CAC HAM PHAN PHOI TiCH LUY TRONG
TRUGNG HOP PHUONG SAI NHIEU GAUSS CHUA BIET.. VNUHCM J. Adv. Res. Nat. Sci. 2026;

10(1):3654-3672.
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MO PAU

Bai toan khoi phuc ham phan phéi cia mét bién ngau nhién muc tiéu khong quan sat dugc
dudi dang mé hinh cong bi nhiéu béi nhiéu Gauss da dugc nghién ciu, véi viec xét mo
hinh

Y]-:X]-+S]"j:1,2,...,n (1)

trong d6 cac quan sat Y, ..., Y, 1a doc lap va c6 cing phan phdi (i.i.d.), X; ~ Xlacacgia
tri cta bién ngau nhién muc tiéu can nghién ctru, va cac nhiéu £j~N(0, 02) c6 phan phéi
Gauss v6i phuong sai chua biét va doc 1ap véi X. Cac mé hinh sai s6 do ludng dang nay
xuét hién trong nhiéu linh vyc, bao gém kinh té va tai chinh, noi gia tai san chiu tac dong
ctia nhiéu vi mé thi truong; trong k¥ thuat va xu 1y tin hi€u, noi dir liéu cam bién bi anh
hudng boi cac sai léch thiét bi; va trong khoa hoc y sinh, noi céc tin hiéu bi nhiéu bai cac
yéu t6 bién thién tir moi truong hodc thi nghiém.

Ki hiéu fy , fy , va f; 1an luot 13 cac ham mat do cua X, Y va €. Ta ¢6 phép tich chap,

400
OO = | (= W (@du = (i )09 -
Tuong duong, xét theo ham phan phéi tich lity (CDF),

Fx(x) = (Fx * f) ()

trong d6 Fy va Fy lan luot 1a CDF cua X va Y. Vi vay, muc tiéu khéi phuc Fy tir mot mau
dix liéu nhidu, 1a mot trudng hop dién hinh cua bai toan giai chap vén da dugc nghién cau
sau rong trong ca wéc lwong ham mat 6 va ham phan phéi (xem [1-4, 6-10, 13, 14]).

Hau hét cac nghién ctru hién nay tap trung vao udc luong ham mat do, boi viée biét fy cho
phép khai thac cac dac trung phan phéi cuc bd, hd trg mo hinh hoa phi tham s6 va tinh
toan moémen. Tuy nhién, trong thyc tlen ham phan phdi Fx lai thuong truc quan va giau
thong tin hon, vi cung cap cai nhin tong quan vé quy lut nén va cho phép dénh gia tryc
tlep cac x4c suat nhu P(X < Y) mét dai luong quan trong trong phan tich rui ro, kiém dinh
chan doan va phan loai (xem [11, 12]). Du c6 y nghia nhu vay, cac phuong phap udc
luong CDF trong mo hinh giai chap van con han ché. Pac biét, truong hop phan phdi
nhidu chi duoc xac dinh moét phan méi chi duge khéo sat trong vai cong trinh gan day
(xem [8, 9]) do phat sinh nhiéu thach thuc k¥ thuat bd sung.

Mot thach thirc 16n xuét phat tir viéc xur Iy phan phdi sai s6. Ly thuyét gidi chép thuong
gia dinh phan phdi nhidu di biét hoan toan, qua d6 don gian hoa dang ké qua trinh suy
luan. Tuy nhién, gia dinh nay hiém khi phu hop vei thuce té. Pé khic phuc, mot sb nghién
clru dé xuét khai thac dit liéu bd trg nham ndi long gia dinh do: chang han, st dung mot
mau thuan nhidu dé udc luong truc tiép phan phdi sai sd (xem [8]), hodc tin dung céc
phép do lip lai ctia cing mot bién tiém an.

Y:

ik = Xj,k + sj,k ,j = 1,2, ...,n,k = 1,2,
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c6 thé duoc sir dung dé suy ra luat nhidu (xem [9]). Mic du céc cach tiép can nay co thé
rat hiéu qua, ching lai phu thudc vao dir liéu bd sung vdn thudng khong sin c6 va cé thé
lam tang dang ké chi phi nghién ciru. Didu nay thuc day viéc phét trién cac phuong phép
chi dua trén mot mau di liéu nhidu duy nhét.

Phat biéu bai toan.

Gia dinh rang nhiéu tuan theo phan phéi Gauss v6i phuong sai chua biét, con phan phbi
Fy thuéc mot 16p con tron ciia cac phan phdi Sobolev. Cuy thé, ham dic trung cua X thoa
man diéu kién tron Sobolev:

ex(® = x|t/ [1+Y®)], tER, 3

v6i hang s6 x > 0,A >0, va ham y: R — C théa man diéu ki¢n Sobolev. Piéu kién nay
dac trung cho tdc do suy glam da thirc clia @y, von xac dinh mién tron thudng, tréi nguoc

v6i toe d6 suy giam mil xuét hién & cac phan phdi siéu tron (supersmooth).

Trong khuén khé ban tham s, mot b ude lugng méi cho ham phan phéi Fy duogc dé xuit.
Phuong phap gbm hai budc: (i) udc luong truc tiép phuong sai nhiéu o? tir mau quan sat
nhiéu; va (ii) thay thé gia tri udce lugng nay vao so do giai chép dé thu duoc udc luong
cho Fx. Chung t6i chung minh rang, d6i véi 16p phan phdi Fo,c dugc mo ta trong (3), bo

udc luong nay dat tdc d6 hoi tu
(In n)—(a+1/2)’

tuong Gmg voi chuan minimax da duoc thiét 1ap cho bai toan giai chap Gaussian véi
phuong sai biét trude. Két qua nay cho thiy co thé thich nghi v6i mirc nhidu chua biét ma
khong 1am suy giam hiéu qua thong keé. Khac voi cac phuong phap trude, cach tiép can
hay udce luong mire nhiéu hoan toan tir mau quan sat nhleu khong doi hoi bat ky phép do
bd sung hay lap lai ndo. Day 1 cong trinh dau tién cung cap dam bao Iy thuyet day du cho
wéc lugng CDF trong md hinh nhiéu Gaussian v&i phuong sai chua biét trong mién
ordinary smooth.

Ciu tric bai bio.

Muc 3 trinh bay cac két qua 1y thuyét chinh, bao gdm céc toc do hdi tu. Muc 4 béo céo
nghién ctru mé phong minh hoa hi¢u suat thyc nghiém ctia b udc lugng. Muc 5 tong hop
cac chimg minh cho céc két qua chinh.

PHUONG PHAP NGHIEN CUU

Khao sat bai toan dua vao mo hinh ban tham sb.

KET QUA VA THAO LUAN

Ki higu
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Vi a,b € R, ki hiéu L?(a,b) 1a khong gian cac ham binh phuong kha tich f: (a,b) — C

duoc trang bi chuan
b
flLzap) = (f If(D)[? dt)
a

Khia = —o0,b = +o0, taviét gon L2(R). V4i f, g € L2(R), tich vo hudng dugc ki hiéu bai

1/2

(69 = [ 1 g® de
R
Vi f € L2(R), bién ddi Fourier cua f dugce dinh nghia theo cong thirc
@ = [ dx  teR
R

Khi X 1a bién ngau nhién c6 ham mat do fy, khi d6 ham dic trung @y dugc cho bai cong
thac
ox () = E(ei™) = £t (v), t€R.

Tiép theo, chling t6i gi¢i thiéu 16p phan phoi F, 1, 16p déng vai tro khuén kho chinh dé
thiét 1ap téc do hoi tu. Ki hiéu F 1a CDF cia mdt bién ngiu nhién véi ham dic trung . Véi

O(>—% va0 < L < oo, dinh nghia

For = {F: e = k|t M1+ Y(©®)], véi k,1> 0,

va ham { thoa ménf 1+ t2Y) w2 dt < L}.
R

Nhan xét 1. O day, A dic trung cho toc do suy giam da thire cua ¢ hay mirc do tron cua
fy trong khi | mé ta mot nhidu Sobolev bac a. Trong thyc té, cac ham mat d¢ tron thuong
(ordinary smooth) thuong c6 thé biéu dién duéi dang nay: thira s chi phéi |t| = phan anh
hanh vi suy giam chu dao cua @, con phan du s, thoa man diéu kién Sobolev, dong vai
tro hap thu céc sai khac con lai trong biéu dién.

Nhan xét2. V6i A > a + % ,néu F € F, , , thi ham dic trung ¢ caan6 thoéa man mot rang
budc kiéu Sobolev

fﬂ+M“H@©Fm<U,
R

v6i hiang s6 L' > 0 phu thudc vao x, A, va L. Do dé, 16p For €O thé duoc xem nhu mot
I6p con cua ho phan phoi tiéu chuan kiéu Sobolev.
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Gar = {F: fR(l + [t12%) |e®)]? dt < L’}.

3.2 Tinh duy nhét va kha niing wée lwgng caa bai toan
T (2), ham dac trung ctia Y théa mén

ey(1) = ox(D @c(t), tER . (4)
Vay, bai toan giai chap la udc luong dugc néu ton tai cac b ude luong 6 va Fy hoi tu dén
o va Fy, trong (ng. D& 1am rd tinh duy nhét, gia st ton tai mot cap (X', €') khéc sao cho

Y=X+¢, & ~N(0,6'%), Fy=Fy*f,.

Mo hinh duoc goi 1a x4c dinh duy nhat néu tir sy triing nhau vé phan phdi cua Y c6 thé
suy ra duy nhat ca phan phéi tiém an cua X va phuong sai cua nhiéu. Cu thé, diéu nay co
nghia la

FX’ * fE’ = FX * fS = (FXI,O") = (FX; G).

Vi @y (t) co thé duge x4p xi boi ham dic trung thyc nghiém %Zj“:l e'Yj khi n du 16n, nén

vé nguyén tic ca tinh duy nhat va kha nang wéc luong déu cé thé duoc phan tich thong
gua @vy.

Dé udc luong 02, nhan thay tir (4) rang, voi moi t € R,
ley (O] = lox (O] [@(D].
L4y logarit hai vé, s& duoc,

2
0% = 5 [Inlex(®] = Inlgy O] ©)

Céc diéu kién dt nham bao dam réng phuong sai nhiéu 62 ¢6 thé dugc ude luong, va cap
(0, Fx) c6 thé duy nhat dugc trong mé hinh da de xuat.

Pinh Iy L. Gia sir Fy, Fy' € Fy ;. Khi do:
(Tinh duy nhat cua (o, Fy)). Néu Fyr * f.r = Fy x f,, thi (Fy,0") = (Fx, 0).

(8) (Tinh wdc lugng duoc cua 6?). Dudi diéu Kién (4), phuong sai nhiéu c6 dang biéu
dién nhu sau.

8
0% = lim == [2Inloy (O] — Infey (t/2)[ = Inley (2O

3.3 Uéc lwong va tée dd hoi tu
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Vi X 1a mét bién ngdu nhién lién tyc, nén ham phéan phdi tich luy Fx cta né c6 thé duoc
bicu dién duédi dang (xem ([5])).

Fx(x) = % - %J:Ollm (e‘itxcpx(t)) dt. (6)

t

Trong (6), ham déc trung @x la khong biét va do d6 khong thé duoc sir dung truc tiép dé
tinh Fy. ‘Tuy nhién, bang cach thay thé @y bang mot bd udce luong thye nghiém thich hop,
ta c6 thé thu duoc mot xap xi kha thi cua Fy. Do vay, bit ddu bang viéc udc luong @x.

Tu (4),taco

¢y(®
@ (D’

ex(t) =

Vi € ~ N(0,02%) v6i phuong sai chua biét 62 > 0, suy ra @.(t) = exp (—%02 tz) *
Ovéimoit €R.

Ap dung khudn kho ban tham sd, trong d6 dang ham ciia phan phdi nhidu (Gaussian) 1a
da bict, trong khi phwong sai 62 van chua bict. Bén canh viéc uwéc luong ham phan phoi
Fy, huéng dén ude lugng phuong sai nhiéu 2. Trudc hét, xay dung mot bd uéc lugng
cho 02, sau do6 duoc dua vao qua trinh uéc lugng Fx. DE dam bao tinh duy nhat va 6n dinh
s0, &p dat dieu kién bi chdn sau day.

Gia thiét 2.1 Tn tai o,,¢* sao cho

0<o,<o0<o"

Duéi Gia thiét 2.1 va luu y rang | tllim @x(t) = 0, véi |t du 16n va tir (4) suy ra,
0*?t2 < In|@y(t)] < 0.
Vai v € R, dinh nghia ham chat cut (cut-off) nhu sau
H¢(v) := max {e'“*ztz/z, v},

gia tri nay la duong. Cac ham chat cut tuong tu cling da duoc dé cap trong [14]. Dya trén
dang thirc chinh x4c ctia 62 trong [5] va thuc té ring fy € L2(R), xap xi 62 bang mot trung
binh tich phan, qua d6 lam co sé cho viéc udc lugng thyc nghiém cta né.

Pinh nghia 1 (U6c lugng phuong sai cua nhiéu). Dat

(pY(t) - ] 1 eitY]-’
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la ham phan phdi thuc nghiém cta Y. Cho w, > 0 1a mot diy thoa man lim w, = +oo.
n—oo

Str dung ham cut-off H.(.) dugc dinh nghia & trén, xay dung bd udc luong cho 6 nhu
Sau

2wp
Gon = winfm %[2 InH; (Ioy(D) — InHe (9y(t/2)]) — InHe (J@y(20) D]dt.

Ham H,(v) bao dam cho tit ca cac d6i s6 cia ham logarit luon duwong. Tiép theo, xiy dung
bd udc luong cho Fx. Luu y rang

Py(t) _ o0?t?/2
®:(t)

Dé bao dam rang phuong sai ude lugng nam trong mién cho phép [o,, 6*], xay dung mot
phién ban cit ngon (truncated) cua G, nhu sau:

@x(t) = @y (D).

6,., Néu o, <6, <o
~ * N *
Sn =S(8w,) =4 0% néu 6, >0
0., néu 5, <o,

Thay ¢ (t) trong (6) bang uéc luong thay thé (plug-in estimator)

n
ex(D) = esﬁtz/zq’)}(t) — esﬁtz/zlz eitY]-’
n
=1
c6 dugc cong thic udce luong cua Fy.
Pinh nghia 2. (Udc lugng ham phan phdi). Cho a, > 0 1a ddy s6 duong sao cho
lim a, = oo. Vi x € R, ¢0 dinh nghia

n-c
) 110 (™ gpp,sint(Y—x)
Fyopa (X) :E_EZL eShE/2 I dt.
=1
binh 1y sau day gilip chan trén cua cac ude lugng cua 67, va Fy o (%).
Pinh Iy 2. Xét mé hinh (1) dudi Gia thiét 2.1, gia st A > a + 1/2. Dinh nghia
A =[0,0"] X Fyr.
Khi d6, cac uéc luong duge dé xuat thoa man cac tée do hoi tu sau day.
(@) Uéec luong phuong sai.

Vé6i moi hang s6 0 < ¢, < 1/(26") VA w, = ¢,y tON tai hing s6 C > 0, doc 1ap
Véi n, sao cho
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sup E [(aﬁ)n - 62)2] < C(Inn)~(@+5/2),
(O’,Fx)Ecﬂ

(b)  Uée lwgng ham phan phéi.

Vi moi gid tri c6 dinh x € R, let 0 < ¢+ < 1/(V20") va a, = c,+VInn. Ton tai hang sb
C > 0, doc lap véi n, sao cho

a 2
sup E (FX,wn,an(X) - Fx(x)) ] < C(Inn)~(@+1/2),
(0,Fx)EA

Nhan xét 3. Tdc d6 hoi tu cta udc luong phuong sai trong Dinh 1y 2(a) triung véi tc do
minimax dugc thiét |ap trong [14, Binh ly 2.2]. Tuy nhlen phan tich nay dugc thuc hién
trén khong gian tham s6 hep hon A < [o,,0 ] X Gor's von dit ra cac rang budc chat ché
hon vé d6 tron ctia 16p phan phbi muc tiéu. Ket qua nay cho thdy rang, ngay ca trong mot
bbi canh han che hon, uéc luong dugce dé xuat van dat ciing bac t6i vu nhu trong khuén
kho6 minimax tong quat.

Nhan xét’4. Tbc dd hoi tu dang logarit thu dugc trong DPinh 1y 2(b) phu hgp véi céc két
qua da bict trudc day trong bai toan giai chap:

e Khiphan phdi nhidu da biét, [2] thiét 1ap téc d6 (Inn)~@«+D/Y @i véi truong hop
sai sO si€u tron; trong trudng hop nhidu Gauss (y = 2), tdc do ndy tré thanh
(In n)~@*+1/2)) trung khép véi két qua cia ching toi.

« Khi phan phdi nhiéu chua biét nhung c6 mau phu trg, [8] thu duoc tdc do
(In(min{n, m}))~@*+D/Y_ va téc d6 nay ciing rat gon thanh (Inn)~(*+1/2) khi
m=nvay=2.

Nguoc lai, trong thiét 1ap nay, khong gia dinh phan phdi nhidu da biét, ciing khong sir
dung mau phu tro. Mic du lam viéc trén 16p ham hep hon Fa, £ € Ga, L', Dinh 1y 2(b)
van dat duoc cung tbc do hoi tu dang logarit, cho théy tinh 6n dinh va hiéu qua cua thu
tuc uoc lugng duogc dé xuét.

NGHIEN CUU MO PHONG

Céc thi nghiém s6 trong mo hinh giai chap cong tiéu chuan, theo tinh than cta [2]. Trong
toan by phan nay, mat do6 muc tiéu fy duoc gia dinh thudc 16p tron thong thuong F, ,, va
xeét

M1 X ~ Laplace (0,27%/2),

C6 ham ddc trung tuong Ung 1a ¢y (t) = (1 +t2/2)7L. Ky hiéu oy 1a do léch chpén cua
bién ngiu nhién X. D¢ khao sat anh huong cia cudng do nhiéu, xét hai phan phoi nhiéu
Gauss Vi ty I& nhiéu-tin hiéu 0% /0% € {0.2,0.5}:

(NI) e~MN(0,1/5), (N2) &~ N(0,1/2).
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U'6c lwong phwong sai nhiéu
Theo Gia thiét 2.1, dat

o, = 107°, o* = 0.7 sd(Y),

trong do sd(Y) 1a d6 1éch chuan miu cua dir liéu quan sat. Can duoi o, glup ngan ngura
mét 6n dinh sb khi muc nhiéu nho, trong khi can trén ¢* phan 4nh thyc té ring murc nhidu
hitu han thuong & mirc vira phai so véi tong d6 bién thién cua Y.

Dé trién khai wdc luong chit cut S, cho phuong sai nhidu, lya chon

1
‘@ = (max{ 2.01, 1.85 Var(Y)})o"

phu hgp v6i Dinh 1y 2 va dugce diéu chinh dya trén nhiéu mé phéng so bd. Viéc lua chon
Ce €0 anh hudng dang ké dén toc do hoi tu ciia wéc lugng phuong sai; viée xay dung mot
quy tac lya chon hoan toan dya trén dit liu van 1la mot hudng nghién ctru cho tuong lai.

Cac mo phong dugc tién hanh véi kich thuace mau n € {200,1000} va 100 lan lip Monte
Carlo. Trong moi lan lap, chiing t6i sinh mau i.i.d.

Xi ~ (Ml), & ~ (Nl or N2), Yi = Xi + &j) i= 1, e I

Céc biéu d6 hop (box plot) ciia wdc lwong phwong sai nhidu 62 dugc trinh bay trong Hinh
1.

1.004

0.44

ke o 050+ - - -~ e e e oo oo - - - -

0.25+

200 1000 200 1000
Sample size n Sample size n

Hinh 1. Biéu d6 hop cua udc luong phuong sai nhiéu 62 véi kich thude mau n €
{200,1000} trong hai kich ban: 62 = 0.2 (trai) va o? = 0.5 (phai).

Viéc uéc lugng chinh x4c o2 1a hét stre quan trong, bdi n6é dugce st dung trong bd udc
luong thay thé cé cat cut doi vdi @x(t), va tir d6 quyét dinh hiéu qua cta bd wdc lugng
ham phan phdi tich lu§ Fy.
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U'de lwgng ham phan phoi

Tiép theo, danh gia d6 chinh x4c cua bd wdc lwong ham CDF Fy dé xuit cho mé hinh
Laplace (M1).

Cac md phong duoc thuc hién véi kich thude mau n € 200,1000 va hai trudng hop nhiéu
0% = 0,2 vac? = 0,5. Dit liéu duoc tao ra hoan toan twong tu nhu mé ta trong tiéu muc
truoc.

Trude hét, phuong sai nhidu dugc ude luong bing bd ude luong cit cut S, (Pinh nghia
1). Gia tri udc lugng nay sau d6 duge su dung dé xay dung bd udc luong thé cho cua
@x (1), tir d6 suy ra bo udc luong Fy.

Px(t) = exp(Sit?/2) py(V),
gia tri nay 1a co so dé xdy dung bd wéc lugng CDF Fy.
Pé trién khai ngudng cit (cut-off) trong Pinh 1y 2, thiét 1ap

1
T 1.420"’

Co-* an = Co_* Inn*

Tuong ty nhu véi ¢, viéc lya chon cg+ mot cach can trong 13 yéu td then chét dé thu duoc
cac udc lugng on dinh. Trong nghién ctru nay, cs+ dugc lya chon dya trén dinh hudng tur
dinh 1y va kinh nghiém mé phong phong phu. Viéc phat trién mot quy tic lua chon hoan
toan duya trén dit liéu va c6 kha ning thich tmg cho c,+ van 1a mot huéng nghién ctru mo
trong tuong lai.

Hinh 2 va Hinh 3 so sanh CDF thyc (duong lién) v6i cac CDF udc luong (dudng dut
doan) trong 100 lan 13p Monte Carlo.

1.0

—— TruelLaplaceCOF |  _ .zzma==
— — Estimated CDF (n=1000) =
-+ Estimated CDF (n=200)

0.8
1

0.6
|

CDF

0.0
1

Hinh 2. So sanh ham CDF ctia mé hinh Laplace thuc (duong 1ién) v6i phuong sai nhidu
02 = 0.2 va cac CDF udc luong (dudng dut doan) twong ing voi hai kich thude mau
n € {200,1000}.
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1.0

—— True Laplace CDF
— — Estimated CDF (n=1000)
-- Estimated CDF (n=200)

CDF
0.6 0.8

0.4

0.2

0.0

Hinh 3. So sanh ham CDF ciia mé hinh Laplace thyc (dudng lién) véi phuong sai nhidu
62 = 0.5 va cac CDF udc luong (dudng dut doan) twong ing voi hai kich thude mau
n € {200,1000}.

D) chinh xac diém tai cac phan vi tiéu biéu
Pé bo sung cho cac két qua db thi trong Hinh 2 va Hinh 3, tiép tuc khao sat do chinh xac
theo tung di€ém cua bd udc luong ham CDF dé xuat Fyx tai mot sO phan vi dai dién.

Fx(x,) € {0.1, 0.25, 0.5, 0.75, 0.9}.

Céc phan vi nay bao phu ca ving trung tim 1an ving dudi ctia phan phdi Laplace, noi
bai todn giai chap thuong gap nhiéu thach thirc hon do ty 1€ tin hi¢u trén nhiéu thay doi.

Dbi voi mdi thiét 1ap, sai s6 binh phurong trung binh (MSE) theo kinh nghiém duoc tinh
trén 100 1an 13p Monte Carlo cho ca hai ¢& mau (n = 200) va (n = 1000), véi hai muc
nhidu 6% = 0.2 va 0% = 0.5. Dé thudn tién cho viéc so sanh, cac gia tri MSE bao céo
duoc nhan vai 100.

Cac két qua duoc tom tit trong Bang 1. Nhu dy doan, ¢& miu 16n hon dan dén do chinh
x4c cao hon, trong khi mirc nhi€u 16n hon lam gia ting MSE, dac biét tai cac phan vi
thudc vung dudi phia trén, noi ty 1€ tin hiéu trén nhi¢u thap hon.

Bang 1. Sai s6 binh phuong trung binh theo kinh nghiém cta IA:X,wn,an (x) tai cac phan vi

duoc chon déi véi X ~ Laplace(0,27%/2) duéi hai mutc nhiéu va hai c& mau, dya trén
100 1an chay Monte Carlo.
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Fx(x0) MSE (x 100)
0.1 (025 |05 (075 [0.9
Case 1.
X 02 =0.2
~ Laplace(0,27%/2) | n=200 0.04736 | 0.29943 | 0.09251 | 0.31102 | 0.05223
Noise: & ~ M(0,02) | n=1000 | 0.03103 | 0.15434 | 0.02349 | 0.15973 | 0.02679
Case 1.
0?2 =0.5
n=200 0.07278 | 0.37647 | 0.13719 | 0.48934 | 0.06608
n=1000 | 0.03559 | 0.19864 | 0.02542 | 0.20909 | 0.03918

PHAN CHUNG MINH
Chitng minh Pinh ly 1
() Tinh duy nhét (Identifiability)

Tur cOng thac

ex(D) = k[t ML+ P®], va  @y(t) = ex(De

thu duoc

o
In|@y(t)]| = Ink — Aln|t| + In|1 + ¢ ()] — ——.

Thay t boi 2t va t/2, twong tng, duoc cbng thac

242

2

—c2t?/2
)

In|@y(2t)| = Ink — Aln|2t| + In|1 + Y(2t)| — 202t?,

t
In@y(t/2)] = Ink — Aln |§| +n[1 + y(t/2)] =2

Viéc trir hai biéu thtrc nay cho

2In|@y(®)| — In|@y(t/2)| — In|ey(20)]
2,2

ZtZ

= 908t +2In|1 + Y(t)| — In|1 + PY(t/2)| — In|1 + Y(2t)],

2
Inf@y()| — In|py(2D)| =AIn2 +

Vi gi(t) > 0 khit — o0, 58 ¢6

2

8
o* = lim o [2In]@y ()] — Inley(t/2)] - Inley (2D)1]

1
A = lim—{Infey(t)| - Infey(20)] -

t-ooIn 2

30°%t?

2 )

+1In|1 + Y(©)| — In]1 + YQo).
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th

Ink = tllrg In|@y(t)| + Aln|t| +T .

Do do, bd ba (x, A, 6%) dugc xéc dinh duy nhét béi @y. Khi céc tham s6 nay da dugc
biét, phan du Y (t) cling dugc xac dinh duy nhat dudi dang

@y (t)

—_——— 1.
K|t|—xe—02t2/2

() =

Do d6, ham dic trung @y (t), va vi thé ca phan phdi Fy, déu dugc xac dinh duy nhat.
Dac biét, néu mdt phép phan rd khac Y = X' + €’ thda man @y = @y, thi budc phai co

(<, N, 0") = (KA, 0%), Y'(t) = (b,
Do d6 Fyr = Fy. Piéu nay ching minh tinh xac dinh (identifiability) cta cap (Fy, 0).
(b) Tinh udc lugng dugc

Biéu thtrc thu duoc trong phan (a) dan tryc tiép dén
2 .8
0® = lim &5 [2 Infey ()] — Infey (t/2)] — Inley(20)]],

qua d6 cung cip mot dang ham co thé udc luong duoc cua phuong sai nhiéu. Diéu nay
hoan tat chirng minh.

Chirng minh Pinh ly 2

Chuang minh phan (a).

Ta co,
~2 2 1 (%8 — — — 2
Op, —0° = on ) @[2 InHe (I@y (O — InHe (19y(t/2)]) — InHe (I@y(20)D]dt — o
1 2n(.on
= [Q: (D) + Q2(1) + Q3(D) + Q. (V]d,
trong do,

QO = o [2InH (oyOD ~ InHy (loy(t/2)D) ~ Inelloy@OD] ~ o2
Q) = o InHe (G7OD ~ InHe oy ©D],

Q5 = 5oz InHe (9y(/2)D) ~ InH (155(t/2)D)],

Qi) = oz InHe (py(20D) — In He (G720D]
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Budc 1. Chan cho Q4 (t)

Dbi voi t di 16m, tinh truc tiép s& cho

Q® =_2InH (oy®D — InH (oy(t/2)]) — Ine(l@y(2D)])] — 62
= 98?[2 Infex (O] — In|ex(t/2)| — In|@x(20)] +¥02] — g2

_ 8

= [2In]1 + Q)| —In|1 + Y(t/2)| — In|1 + P(20)]].

. 9t2
Vé6in lén, séco

2

L d <82wn12 2 21)(1d
o N Q(dt] < %njwn t—z[ (WO = [W(t/2)] — [W(2t)|]dt
64 [2“n
S81wﬁfmn ¢
3[4IW 1% + [w(t/2)]?
2w
Ho@oPld [ o
won t2a+4
C
wr21a+5

Budc 2. Chan cho Q,(t).

Do e~9""t/2 < H,(v), ta c6

dt

(7)

* *2
IInH, (u) — InH, (V)| < e® /2|H,(u) — H (V)| < e® T/2lu—v|, VYuveR

Do 36,

t

1 2wy
o] o

n

16 [*n1 "2 /2| =~ .
<o fmn e "2 gy(0) — By(D)ldt

T 9w\,

Hon nira, Vi
B TP
Vargy(t) = HVar(e‘t 1) < = Vt € R,

suy ra rang

2
<

2wp 1 2wp

2 O‘*th —~
— —e dt Var @y (t)dt <
nJwp, t Wn

E

1 2wp
o] o

n

16 2wy 1 . _
- ‘9% fm = [InHe (19y(O]) — InH (I[E@y(DD]dt

n
16 2wp 1 2.2 1/2 2wy
< ( —e0 t dt> (j |py (D) — Ecﬁ;(t)|2dt>
®n

2
g4’ w3

Wy
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Budc 3. Chan cho Q5 (t) va Q4 (t).

Béng céc lap luan tuong ty, chiing toi suy ra rang

2 46*% 02

4
= A )

2
2wp 40*° wd

1 2
— Qs (t)dt
w

n(,)n

E

1 2wp
E[— f Q. (v)dt
w op

[
> % )
nw n

n

Buée 4. Két hop tat ca cac chan lai.
Két hop (7), (8) va (9), thu duoc

*2 2
40" wf

2 212 - 1 (% ) 4Cy e
E(82, —0?) 54213 |—j QuDdt |2 ) < ——o + 4(Cy + Cs + Cy) ———.
& Wn Jo, w2 nw

n
St dung gia thiét 0 < ¢, < 1/(20%), sauy ra 1 — 46**c2 > 0. Pt w, = CoovTnm SE€ CO

*2 2
e4-0' [OFY 1

n nl-402c3’

va do do,
E [(’G\ﬁ,n - 02)2] < C(lnn)~(@+5/2),
Chung minh (b).

Tir cOng thac
) 1 1 (™ ., sint(Y;—x)
Fx onan(®) = 57 Ez f eSnt/? — dt,
j=1 "
Sé co

PN 2 . = =
E (Fxwpan () = Fx(¥)) " = Bias?Fy g, a, () + Varfy 0, (x),

trong do,

Bias F __L 11 ~itx d
188 I'x w8, (x) T t mje CPx(t)] t,
a

n

- 1 1% o
Var Py, o () = —Var —f eSnt™/2
0

. v

t

Ap dung bat dang thirc Cauchy-Schwarz,

3668



VNUHCM Journalof Advanced Research and Natural Sciences 2026, 10(1): 3654-3672

o]

ox(t)
t

N 1
Bias Fx o, a, (x)| < = f dt

an

1 © 1 1/2 o 1/2
SE(f mdt) (f t2°‘|<px(t)|2dt>
an an
(Ll)l/Z
< .
m™2a+1 aff“/z

Mait khac,

ap : _ . ) 3 2
EVar (lf oS32/2 sint (Y; —x) dt) - lE <lfa (S22 sint(Y; —x) dt)
n mJ, t =4 . —

TT

t
2

<1 E 1ja“ ES%tszroo sinft(Y; —x + p)] e_pz/(zsgl)d dt
“n2n \n)y, Sy Jo t PEt)

Ap dung dinh ly Fubini,

1fan eSit” f*“’sin[t(Yl —x+p)] e‘lf’z/(zsﬁ)d it
)y Shn Jw t P

+00 an o _ S3t?
- 1 op2/(253) <j sin[t(Y; —x+p)le dt> ap
0

TSh ) e t
+00 n gi _
<L s f o-p2/(252) f sinlth =x TP g < estar . V2T
T[Sn —00 0 t 2
Suy ra
2
| [aneSE® (+ ginft(Y, — x — p)] eP*/(25%) VI
. _f e f sin[t(Y; —x —p)]e dpdt | < Y="ez0%ag,
)y Sh Jow t 2
Do do,
20%%a2
Var F x) < .
X,u)n,an( ) nzm

Két hop bat dang thtc cho Bias Fy ,, 2. () Va Var Fyg, » (%), taco

x2_2

F 2 eZO‘ ah
E (FX,mn,an x) — Fx(x)) < Cla;(2a+1) +C,
St dgng g tict 0 < c- < \/Elo*’ tacé 1 —20**cZ > 0. Chona, = c_. 7 khi d6
20%%a2
e 6 a _ n—(l—zd*zci*)
n .
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Suyra
& 2 —(at+1/2)
E (Fxwpa, () = Fx(x)) < C(Inn) .

TUYEN BO XUNG POT LQI iCH
Céc tac gia cam két khong co xung dot 1oi ich lién quan dén nghién ctru nay.
PONG GOP CUA CAC TAC GIA

Nguyén Hoang Thanh phan tich va viét ban thao.
Thai Phuc Hung chay s6 mé phong va hoan chinh ban thao.

DANH MUC TU VIET TAT

CDF: Cumulative Distribution Function.
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ABSTRACT
The deconvolution problem in a classical measurement error model was investigated where con-
taminated observations were given by ¥; = X; +€;, €; ~ N (0,02), with unknown noise variance

o2, The objective was to recover the cumulative distribution function Fxof the latent target vari-
able X from a single sample of noisy observations. In contrast to the majority of existing literature
which primarily focused on density estimation, a direct inference on Fy, a functionally rich object
with broad applications in risk assessment, hypothesis testing was aimed and classified. A two-
step semiparametric estimation procedure was proposed. First, the noise variance 62 was directly
estimated from the contaminated data. Second, the resulting estimator was plugged into a de-
convolution object with broad applications in risk assessment, hypothesis testing was testetd. A
two-based reconstruction method to obtain an estimator of Fx. when Fxbelonged to an ordinary
smooth class, characterized by the polynomial decay of the characteristic function within a Sobolev-

type regularity framework, namely (@x (t)| < (1+ (¢|)~% the proposed estimator attaining the

convergence rate (lnn)f(““mwas established . This rate coincided with the minimax-optimal
rate achieved in the case of known noise variance, demonstrating a full adaptivity with respect to
the unknown noise level without any loss of statistical efficiency. Importantly, this approach did
not require any auxiliary sample, such as pure noise observations or repeated measurements, mak-
ing it particularly suitable for experimental settings with limited data availability. To the best of
our knowledge, this was the first work providing a complete theoretical guarantee for distribution
function estimation in the Gaussian deconvolution model with unknown variance in the ordinary
smooth regime.

Key words: Deconvolution, Cumulative distribution function, Gaussian noise, Semiparametric
estimation
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