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TOM TAT

Bai toadn gidi chap trong md hinh sai s6 do luong, noi cac quan sat bi nhiéu dugc moé ta bai ¥; =
X;+¢&; v6i €; ~ N (0,062)) c6 phuong sai chua biét, da dugc trinh bay véi muc tiéu la khoi phuc
ham phan phai tich Iy Fx cla bién ngau nhién muc tiéu X chi t& mot mau quan sat nhiéu duy
nhat. Khac vai phan I6n cac nghién cu tap trung vao udc lugng mat do, suy luan truc tiép Fx, mot
dai lugng giau théng tin va cé nhiéu Uing dung trong danh gia rdi ro, kiém dinh va phan loai dugc
khdo sat.

Tha tuc gém udc lugng ban tham sé gém hai budc: (i) udc lugng phuong sai nhiéu o2 truc tiép tur
dir liéu quan sat; va (i) thay thé gia tri udc luong nay vao phuong phép gidi chap dé thu dugc uéce
luong cho Fx. Khi phan phéi Fy thudc I8p ordinary smooth, ddc trung bai diéu kién suy giam da
thiic ctia ham dac trung trong khéng gian Sobolev, chiing toi chimg minh bé udc lugng dat toc
do hoitu (lnn)f(‘”l/z). T6c d6 nay trung véi chudn minimax trong trudng hgp phuong sai nhiéu
da biét, cho thay kha nang thich nghi hoan toan véi muic nhiéu chua biét ma khong lam giam hiéu
qua théng ké.

Phuong phap nay khéng yéu cau bat ky mau bé sung nao nhu d liéu thuan nhiéu hay phép do
1ap lai, nha d6 phu hop vai nhiéu boi cdnh thuc nghiém noi di liéu han ché. Bay la cong trinh dau
tién cung cap dam bao ly thuyét day dt cho udc lugng ham phan phéi trong mé hinh giai chap
Gaussian véi phuong sai chua biét trong mién ordinary smooth.

Tur khoa: Gidi chap, Ham phéan phdi, Nhiéu Gaussian, Udc lugng ban tham sé

MG PAU

Bai toan khoi phuc ham phan phéi cia mot bién ngau nhién myc tiéu khdng quan
sat duoc dudi dang md hinh cong bi nhiéu boi nhidu Gauss da dugc nghién cau,
Vai viéc xét md hinh

Y]-=X]-+s]-,j=1,2,...,n (1)

trong d6 cac quan sat )(1, . .:Yn la doc 1ap va co C}‘mg phan phdi (i.i.d.), Xj ~ ~X
la cac gia tri cua bién ngau nhién muc ti€u can nghién ctu, va cac nhiéu
g;~N(0, 6*) c6 phan phdi Gauss véi phuong sai chua biét va doc 1ap véi X. Cac
mo hinh sai s6 do ludng dang nay xuét hién trong nhiéu linh vuc, bao gdm kinh
té va tai chinh, noi gid tai san chiu tic dong ctia nhiu vi mo thi trudng; trong k§
thuat va xir 1y tin hi¢u, noi dit liéu cam bién bi anh huong béi cac sai léch thiét
bi; va trong khoa hoc y sinh, noi cac tin hiéu bi nhiéu bdi cac yéu td bién thién
tor moéi truong hoac thi nghiém.

Ki hiéu fy , fy , va f; 1an luot 1a cic ham mat d6 cua X, Y va e. Ta ¢6 phép tich
chép,

+0oo
OO = | (= W, ()du = (i * )09 @
—o0
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Tuong duong, xét theo ham phan phdi tich lity (CDF),

Fx(x) = (Fx * f)(x)

trong d6 Fy va Fy lan luot 1A CDF cua X va Y. Vi vdy, muc tiéu khdi phuc Fy tir
mot mau dix liéu nhiéu, 1a mét trudng hop dién hinh cua bai toan giai chap vén
da duoc nghién ciru sau rong trong ca ude luong ham mat 6 va ham phan phéi
(xem [1-4, 6-10, 13, 14]).

Hau hét cac nghién ctru hién nay tap trung vao udc luong ham mat do, boi vige
biét fy cho phép khai thac cac dic trung phan phdi cuc bd, hd trg mé hinh hoa
phi tham sd va tinh toan mémen. Tuy nhién, trong thyc tién, ham phan phdi Fy
lai thuong tryc quan va giau thong tin hon, vi cung cap cai nhin tong quan vé
quy luat nén va cho phép danh gia truc tiép cac xac suat nhu P(X < Y) mét dai
luong quan trong trong phan tich rui ro, kiém dinh chan doan va phan loai (xem
[11, 12]). Du c6 y nghia nhu vay, cdc phuong phap udc luong CDF trong mo
hinh giai chap van con han ché. Pic biét, trudng hop phan phdi nhiéu chi duoc
x4c dinh mot phan méi chi duoc khao sat trong vai cong trinh gan day (xem [8,
9]) do phat sinh nhiéu thach thirc k¥ thuat bo sung.

Mot thach thire 16n xudt phat tir viéc xur 1y phan phdi sai s6. Ly thuyét giai chap
thudng gia dinh phan phdi nhiéu da biét hoan toan, qua 6 don gian hoa dang ké
qua trinh suy luan. Tuy nhién, gia dinh nay hiém khi pht hop voi thuc té. Dé
khic phuc, mot sé nghién ctru dé xuét khai thac dir liéu bo trg nham néi long gia
dinh d6: chang han, sir dung mot mau thuan nhiéu dé uéc luong tryc tiép phan
phéi sai s6 (xem [8]), hodc tan dung cac phép do lap lai ctia ciing mot bién tiém
an.

Yj,k = Xj,k + sj,k ,j = 1,2, ...,n,k = 1,2,

c6 thé duoc sir dung dé suy ra luat nhidu (xem [9]). Mic du cac céch tiép can
nay c6 thé rat hiéu qua, ching lai phyu thugc vao dir liéu bd sung vén thuong
khong sin ¢ va cd thé 1am ting dang ké chi phi nghién ciru. Diéu nay thuc day
viéc phat trién cac phuong phap chi dya trén mot mau dir liéu nhidu duy nhat.

Phat bi€u bai toan

Gia dinh rang nhidu tuan theo phan phdi Gauss véi phuong sai chua biét, con
phan phdi Fy thudc mot 16p con tron ciia cac phan phdi Sobolev. Cu thé, ham
dac trung ctua X thoa man diéu kién tron Sobolev:

ex() = x|t [1+P(®)], teR, 3)

v6i héng sd k> 0,1 >0, va ham y: R — C thdéa man diéu kién Sobolev. Diéu
kién nay dic trung cho tdc d6 suy giam da thirc ciia @y, vén xac dinh mién tron
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thuong, trai nguoc véi toe do suy giam mil xuat hién & cac phan phdi siéu tron
(supersmooth).

Trong khuén khd ban tham sb, mot bd wdc lwong méi cho ham phan phdi Fy
dugc dé xuat. Phuong phap gdm hai bude: (i) wdc luong truc tiép phuong sai
nhidu 62 tir miu quan sat nhidu; va (ii) thay thé gia tri wéc luong nay vao so dd
giai chap dé thu duoc ude lwong cho Fy. Chung toi chimg minh rang, dbi véi 16p
phan phéi Fo r duge mo ta trong (3), bd ude luong nay dat tdc d6 hoi tu

(hln)_(“+1/2%

tuong tmg v6i chudn minimax da duogc thiét 14p cho bai toan giai chap Gaussian
v6i phuong sai biét trude. Két qua nay cho thay co thé thich nghi v6i mirc nhiéu
chua biét ma khong 1am suy giam hiéu qua théng ké. Khac véi cac phuong phap
trude, cach tiép can nay udc lugng mirc nhidu hoan toan tir mau quan sat nhiéu,
khong doi hoi bat ky phép do bo sung hay lap lai nao. Day 1a cong trinh dau tién
cung cap dam bao 1y thuyét ddy du cho udc luong CDF trong mé hinh nhidu
Gaussian véi phuong sai chua biét trong mién ordinary smooth.

Cau truc bai bao

Muc 3 trinh bay céc két qua ly thuyét chinh, bao g@)m cac toc d6 hoi tu. Muc 4
bao c4o nghién ctru moé phong minh hoa hi¢u suét thuc nghiém cia bd udce lugng.
Muc 5 tong hop cac ching minh cho cac két qua chinh.

PHUONG PHAP NGHIEN CUU

Khao sat bai toan dua vao md hinh ban tham $0.

KET QUA VA THAO LUAN

Ki hiéu

Véi a,b € R, ki hiéu L2(a,b) 1a khong gian cdc ham binh phuong kha tich
f: (a,b) = C duoc trang bi chuan

b
2oty = < [ Ircor dt)
a

Khia = —o0,b = +o0, ta viét gon L(R). Véi f, g € L2(R), tich v6 hudng duoc
Ki hiéu bai

1/2

(f.g) = j f(t) g(t) dt.
R
Véi f € L(R), bién d6i Fourier cia f duge dinh nghia theo cong thirc

fftr) = f el™f(x) dx, teR.
R
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Khi X 12 bién ngau nhién c6 ham mat do fy, khi d6 ham dic trung @y duoc cho
bai cong thic

ox(t) = E(e™) = fff(v), teR
Tiép theo, chling t6i gi6i thiéu 16p phan phdi F, 1, 1ép dong vai tro khuon kho

chinh dé thiét 14p t6c d6 hoi tu. Ki hiéu F 1a CDF ciia mot bién ngiu nhién véi ham

dac trung @.Véia > —% va0 < L < oo, dinh nghia

For = {F: @) = x|t| M1 + YD), véi KA >0,

va ham ¢ thod ménf 1+ t2Y w2 dt < L}.
R

Nhin xét 1. O day, A dic trung cho téc d6 suy giam da thirc clia @ hay mirc do
tron cua fy trong khi { mé ta mot nhidu Sobolev bac a. Trong thuc té, cac ham
mat do tron thudong (ordinary smooth) thudng c6 thé biéu dién dudi dang nay:
thira s6 chi phdi |t| ™ phan anh hanh vi suy giam cha dao ciia ¢, con phan du |,
thda man diéu kién Sobolev, dong vai tro hép thu cac sai khac con lai trong biéu
dien.

Nhgn xét 2. VGi A > o + % néu F € F, r, thi ham dic trung ¢ ctia n6 théa méan
mét rang budc kiéu Sobolev

f (1 + 1129 [®)2dt < L,
R

v6i hang s6 L' > 0 phu thudc vao k, A, va L. Do d9, 16p F ; €6 thé duoc xem
nhu mét 16p con cua ho phan phdi tiéu chuan kiéu Sobolev.

Gar' = {F: fR(l + [t12%) |e®)|?dt < L’}.

Tinh duy nhat va kha nang uéc lugng cta bai toan
Tur (2), ham déc trung cta Y thoa man

ey(®) = px() @c(t), t€ER. 4)
Vay, bai toan giai chap 1a udc lugng duoc néu ton tai cac bo udc lugng 6 va Fy
hoi tu dén o va Fy, twong tng. Bé 1am rd tinh duy nhat, gia st ton tai mot cap
(X', €") khac sao cho

Y=X+¢, & ~N(0,6'%), Fy=Fy*fy.

Mo hinh duoc goi 1a xac dinh duy nhat néu tir su tring nhau vé phan phéi caa Y
c6 thé suy ra duy nhat ca phan phdi tiém an cua X va phuong sai cua nhiéu. Cu
thé, didu nay c6 nghia la
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Fyr * fg = Fx x fg = (Fy, 0") = (Fyx, 0).

N A A et s A1 Y 1L
Vi @y(t) co thé duge xap xi béi ham dac trung thuc nghiém ;Z]n:l e'Yj khin
du 16n, nén vé nguyén tic ca tinh duy nhat va kha ning udc luong déu c6 thé
duoc phan tich thong qua @y.

DPé udc luong 62, nhan théy tur (4) réng, voimoi t € R,
loy(®D] = [ox (O] |@ (D).
Lay logarit hai vé, s& dugc,

(5)

2
o2 = = [In[ex(t)| — In|ey(®)|]

Cac diéu kién di nham bao dam rang phuong sai nhidu 6? c6 thé duoc wdc
luong, va cip (o, Fy) c6 thé duy nhit duoc trong mé hinh da dé xuét.

Dinhly 1. Gia stt Fy,Fyr € Fy . Khi do:

(Tinh duy nhat cia (o, F)). Néu Fyr * f. = Fy x f,, thi (Fy,0") = (Fx, 0).

(@) (Tinh udc luong duoc cua 0?). Dudi didu kién (4), phuong sai nhidu c6
dang biéu dién nhu sau.

. 8
0% = lim == [2Inley (O] — Infey (t/2)[ = Inley (2O]].

Uéc lugng va téc dé hdi tu

Vi X 12 mot bién ngdu nhién lién tuc, nén ham phén phdi tich luy Fx cta nd co
thé duoc biéu dién duéi dang (xem ([5])).

Fx(x) = % - %fom % Im (e_itxcpx(t)) dt. (6)

Trong (6), ham dic trung @y 1 khong biét va do d6 khong thé duoc str dung truc
tiép dé tinh Fy. Tuy nhién, bang cach thay thé ¢y bang mot bo ude luong thuc
nghiém thich hop, ta cd thé thu duoc mot xép xi kha thi cia Fx. Do vay, bét dau
bang viéc ude lugng .

Tu (4), taco

_py(D)
ex(t) = m,t € R.

Vi € ~N(0,0%) voi phuong sai chua biét o> >0, suy ra .(t) =
exp(—%cs2 tz) # 0vimoit €R.
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Ap dung khuon khé ban tham sb, trong d6 dang ham cua phan phdi nhiéu
(Gaussian) 1a d4 biét, trong khi phuong sai 62 van chua biét. Bén canh viéc udc
lwong ham phan phéi Fy, huéng dén ude lugng phuong sai nhidu 62. Trude hét,
x4y dung mot bo udc lugng cho o2, sau do duge dua vao qua trinh uéc lugng
Fy. Dé dam bao tinh duy nhét va 6n dinh sb, 4p dat diéu kién bi chin sau day.

Gid thiét 2.1. Tdn tai o,, ¢* sao cho
0<o,<oc<o"

Duéi Gia thiét 2.1 va luu ¥ rang |E|im @x(t) = 0, véi [t] du l6n vatir (4) suy ra,

—0"%t2 < In|py(t)| < 0.

Véi v € R, dinh nghia ham chat cut (cut-off) nhu sau
H¢(v) := max {e_"*ztz/z, v},

gi4 tri nay 1a dwong. Cac ham chat cut tuong ty ciing da dugc dé cap trong [14].
Dua trén dang thire chinh xéc ciia 6 trong [5] va thuc té rang fy € L2(R), xap
xi 62 béng mot trung binh tich phan, qua d6 lam co s& cho viéc udc luong thuce
nghiém cua no.

Dinh nghia 1 (Ubc lugng phuong sai ciia nhiéu). Dit
_ 1 ity
Py(t) = o) eltY],

1a ham phan phdi thyc nghiém ciia Y. Cho w, > 0 1a mot diy thoa main

lim w, = +oco. St dung ham cut-off H.(.) dugc dinh nghia & trén, xay dung

n—»,oo

bd udce lugng cho 62 nhu sau

2wp

Ston = ez [2InHe (Ioy (D) — InHe (19y(t/2)]) — InHe (Joy (20 D]dt.

Ham H,(v) bao dam cho tit ca cac ddi s6 ctia ham logarit ludn duong. Tiép theo,
xay dung bd uéc luong cho Fy. Luu ¥ ring

Py(t) _ o0%t2/2

—(Pg(t) Py (1).

ex(D) =

Pé bao dam rang phuong sai uéc lwgng nam trong mién cho phép [o,, 6*], Xay
dwng mot phién ban cit ngon (truncated) cua G, nhu sau:

Gy, Néuo, <G, <o
_ ~ _ * N *
Sn =S(8p,) =4 0% néu 6, >0
o0,, héu Gwn < o,

Thay ¢ (t) trong (6) bang uéc luong thay thé (plug-in estimator)
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n
@((t) — eS%‘tZ/Z@(t) — esﬁtZ/zéz eith’
j=1

¢ dugc cbng thire udce luong cua Fy.

Dinh nghia 2. (Ubc lugng ham phan phdi). Cho a,, > 0 la ddy s duong sao cho
lim a,, = oo. V6i x € R, ¢6 dinh nghia

n—oo
F ( ) 1 1 1 fan SZtZ/Z Slnt(Y] - X) d
= - — — E n _— dt.
X @nan X 2 nm —'Jo ¢ t
]=

Dinh 1y sau ddy gilip chan trén cta cac udc luong cua 8%, va Fy, o (%).
Dinh Iy 2. Xét mé hinh (1) dudi Gia thiét 2.1, gia st A > a + 1/2. Pinh nghia
A = [0,,0"] X Fyr.

Khi d6, cac uéc lugng duge dé xuat thoa man cac toe do hoi tu sau day.
(@) Udc lwong phuong sai
Vi moihangso 0 < ¢, < 1/(26%) Vaw, = ¢, g, toN tai hing sé C > 0,

doc lap vai n, sao cho

sup E [(83% - 02)2] < C(Inn)~(o+5/2),
(O',Fx)Ecﬂ

(b) Udc lugng ham phan phdi

Véi moi gid tri ¢b dinhx € R, let 0 < ¢y < 1/(V20*) vaa, = ce+VInn. Ton
tai hang s6 C > 0, doc 1ap vai n, sao cho

sup (s 0,0 = Fx(9) | < Clmmy (€172
(o,Fx)EA

Nhin xét 3. Toc d6 hoi tu cta udc lugng phuong sai trong Dinh 1y 2(a) tring
Véi téc d6 minimax duoc thiét 1ap trong [14, Binh Iy 2.2]. Tuy nhién, phan tich
ndy dugc thuc hién trén khong gian tham s6 hep hon A € [o,,0%] X G 7, v6n
dat ra cac rang budc chit ché hon vé do tron ciia 16p phan phdi muyc tiéu. Két
qué nay cho thy rang, ngay ca trong mot bdi canh han ché hon, udc luong duoc
dé xuét van dat ciing bac tdi uu nhu trong khuén kho minimax tong quat.

Nhan xét 4. Toc d hoi tu dang logarit thu duoc trong Dinh 1y 2(b) phu hop véi
cac két qua da biét trudc day trong bai toan giai chap:

« Khi phan phdi nhidu da biét, [2] thiét 1ap tbc do (In n)~@«*+D/Y 36i véi

truong hop sai sb siéu tron; trong truong hop nhiéu Gauss (y = 2), toc
d6 nay tré thanh (Inn)~(@+/2)) trang khop véi két qua cia chiing t6i.
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« Khi phan phdi nhiéu chua biét nhung c6 miu phu tro, [8] thu duoc tde
d6 (In(min{n, m}))~@«V/Y  va téc d6 nay ciing rGt gon thanh
(Inn)~@*1/2) khim =nvay = 2.

Nguoc lai, trong thiét 14p ndy, khong gia dinh phan phdi nhifu d3 biét, ciing
khong str dung mau phu tro. Mac du lam viéc trén 16p ham hep hon Fa, £ c
Go, £', Pinh 1y 2(b) van dat dugc cliing tdc d6 hoi tu dang logarit, cho théy tinh
on dinh va hiéu qua cua thua tuc udc lugng duogc dé xuét.

NGHIEN CUU MO PHONG

Céc thi nghiém sé trong mé hinh giai chap cong tiéu chuan, theo tinh than cia
[2]. Trong toan bd phén nay, mat d§ muc tiéu fy dugc gid dinh thude 16p tron
thong thuong F, ., va xet

M1 X ~ Laplace (0,27%/2),

C6 ham dic trung twong tng la @x(t) = (1 + t?/2)71. Ky hiéu oy 1a do léch
chuan cua bién ngau nhién X. Dé khao sat anh huong cia cudng do nhiéu, xét
hai phan phdi nhidu Gauss véi ty I nhiu-tin hiéu 02 /0% € {0.2,0.5}:

(NI) e~N(0,1/5), (N2) &~ N(0,1/2).

Uéc lugng ham phan phéi
Theo Gia thiét 2.1, dat

o, =107¢, o* = 0.7 sd(Y),

trong d6 sd(Y) 1a o léch chuan mau ctia dit liéu quan sat. Can duéi o, giap ngin
ngtra mat 6n dinh s6 khi mirc nhiéu nho, trong khi can trén ¢* phan anh thyc té
ring mirc nhiéu hitu han thuong & mirc vira phdi so véi tong do bién thién cua
Y.

Pé trién khai wdc luong chit cut S, cho phuong sai nhidu, lya chon

1
@ = (max{2.01, 1.85 Var(Y)})o"

pht hop véi Dinh 1y 2 va duge diéu chinh dya trén nhiéu mé phong so bo. Viéc
Iira chon ¢, ¢6 anh huong dang ké dén tc d6 hoi tu cua wdc luong phuong sai;
viéc xay dung mot quy tic lwa chon hoan toan dua trén dit liéu van 1a mot hudng
nghién ctru cho tuong lai.

Céc md phong duge tién hanh véi kich thude mau n € {200,1000} va 100 lan
1ap Monte Carlo. Trong mdi lan l3p, ching t6i sinh mau i.i.d.
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Xi ~ (Ml), & ~ (Nl or NZ), Yi = Xi + &, i= 1, e 1

Céc biéu dd hop (box plot) cta ude luong phuong sai nhidu 6% duoc trinh bay
trong Hinh 1.

20 1000 200 1000
Sample size n Sample size n

Hinh 1. Biéu d6 hop cua ude lugng phuong sai nhiéu 6? vai kich thude mau
n € {200,1000} trong hai kich ban: 62 = 0.2 (trai) va 6® = 0.5 (phai).

Viée ude luong chinh xac o2 1a hét st quan trong, bdi né dugc su dung trong
bo ude lugng thay thé co cit cut dbi véi @y (1), va tir d6 quyét dinh hiéu qua cta
bd wdc lugng ham phan phéi tich luy Fy.

Uéc lugng ham phan phdi

Tiép theo, danh gia 6 chinh x4c ctia bo wdc lwong ham CDF Fy dé xuat cho mo
hinh Laplace (M1).

Cac md phong duoc thuc hién véi kich thuée mau n € 200,1000 va hai truong
hop nhiéu 6? = 0,2 va 6 = 0,5. Dit liéu dugc tao ra hoan toan tuong tyr nhur mo
ta trong tiéu muyc trudc.

Trude hét, phuong sai nhidu duoc ude luong bang b wdc luong cét cut S,, (Pinh
nghia 1). Gia tri udc lugng nay sau d6 dugc str dung dé xay dung bd udc lugng
thé chd cta @y (t), tir d6 suy ra bo udc luong Fy.

Px (D) = exp(Sit?/2) Py (b),
gié tri nay 14 co so dé xay dung bd ude lugng CDF Fy.
Pé trién khai ngudng cét (cut-off) trong Dinh 1y 2, thiét lap

1
Co* = m, dn = CG*\/H'
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Tuong tu nhu véi c,,, viéc lya chon ¢y mot cach can trong la yéu td then chét
dé thu duogc cac uée lugng 6n dinh. Trong nghién ctru ndy, ¢y duge lwa chon
dua trén dinh hudng tur dinh ly va kinh nghiém moé phong phong phu. Viéc phat
trién mot quy tic lya chon hoan toan dua trén dit liéu va c6 kha nang thich ing
cho c,+ van 1a mot hudng nghién ciru mé trong twong lai.

Hinh 2 va Hinh 3 so sanh CDF thuc (duong lién) véi cac CDF uéc luong
(dudng dut doan) trong 100 1an 13p Monte Carlo.

1.0

—— True LaplaceCOF | ===
— — Estimated CDF (n=1000) =
-+ Estimated CDF (n=200)

0.8

CDF

0.4

0.0
1

Hinh 2. So sanh ham CDF ciia mé hinh Laplace thuc (duong lién) voi phuong
sai nhiéu 62 = 0.2 va cac CDF udc luong (duong dut doan) twong ing véi hai
kich thuéc mau n € {200,1000}.

1.0

—— True Laplace CDF
— — Estimated CDF (n=1000)
-- Estimated CDF (n=200)

0.8

CDF
0.4

0.2

0.0
1

Hinh 3. So sanh ham CDF ctia mé hinh Laplace thyc (dudng lién) véi phuong
sai nhiéu 62 = 0.5 va cac CDF uéc lugng (duong dirt doan) twong tmg véi hai
kich thuéc mau n € {200,1000}.

D6 chinh xac diém tai cac phan vi tiéu biéu
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Dé b6 sung cho céc két qua do thi trong Hinh 2 va Hinh 3, tiép tuc khao sat do
chinh xac theo tirng diém cua bd ude lugng ham CDF dé xuét Fy tai mot $6
phan vi dai dién.

Fy(x,) € {0.1, 0.25, 0.5, 0.75, 0.9}.

Céc phan vi nay bao phu ca ving trung tim 1n vang dudi ctia phan phdi
Laplace, noi bai toan giai chap thuong gip nhiéu thach thirc hon do ty 18 tin
hiéu trén nhiéu thay dbi.

Dbi voi mdi thiét 1ap, sai sd binh phuong trung binh (MSE) theo kinh nghiém
dugc tinh trén 100 1an 1ip Monte Carlo cho ca hai ¢& mau (n = 200) va (n =
1000), v6i hai mirc nhidu 62 = 0.2 va 6% = 0.5. Dé thudn tién cho viéc so
sdnh, cac gia tri MSE béo cdo dugc nhan vai 100.

Cac két qua dugc tom tat trong Bang 1. Nhu dy doan, ¢& mau 16n hon din dén
dd chinh xé4c cao hon, trong khi murc nhiéu 16n hon lam gia tding MSE, dac biét
tai cac phan vi thudc viung dudi phia trén, noi ty 1€ tin hiéu trén nhiéu thép hon.

Bang 1. Sai s6 binh phuong trung binh theo kinh nghiém cua Fxopa, (X) tai
cac phan vi dugc chon ddi véi X ~ Laplace(0,271/2) duéi hai mirc nhiéu va
hai c& mau, dya trén 100 Ian chay Monte Carlo.

Fx(X0) MSE (x 100)
01 J025 |05 [075 [0.9
Case
X 1:
~ Laplace(O,Z‘l/Zj o0’ =
Noise: e~102
N(0,02) n=200 | 0.0473 | 0.2994 | 0.0925 | 0.3110 | 0.0522
6 3 1 2 3
n=100 | 0.0310 | 0.1543 | 0.0234 | 0.1597 | 0.0267
0 3 4 9 3 9
Case
1
o’ =
0.5
n=200 | 0.0727 | 0.3764 | 0.1371 | 0.4893 | 0.0660
8 7 9 4 8
n=100 | 0.0355 | 0.1986 | 0.0254 | 0.2090 | 0.0391
0 9 4 2 9 8

PHAN CHUNG MINH
Ching minh Dinh ly 1
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(a) Tinh duy nhét (Identifiability)

Tur cong thirc
ex(® = k[t AL+ P®], va @yt = ex(De o t/2,
thu duoc
2t2

o
In|ey(t)| =Ink — Aln|t] + In|1 + P(t)| — —

Thay t bai 2t va t/2, twong (ng, dugc cong thurc

In|@y(2t)| = Ink — Aln|2t| + In|1 + P (2t)| — 202t3,

t 242

ot
—| +In|1 + ¢(t/2)] — ——.

1 t/2)| =Ink —Al
nloy(t/2)| = Ink — Aln| -

Viéc trir hai biéu thire nay cho

2nlpy (O] ~ Inl@y(t/2)] — Inlgy (20|
2,2
= 968t + 2In|1 + ()| — In|1 + P(t/2)] — In|1 + P (2t)],

2+2
In|@y(D] = Infey(2t)| = Aln2 +

+1n|1 + W®)| = In]1 + W(2L).

Vi W(t) = 0 khi t — oo, 5 ¢6

8
2 [2In]@y ()] — Inley(t/2)| — In|ey(20)]],

0" =lmos
A = lim—|1 Inloy(20] - 255
= lim — n|ey(t)| — In|ey(2t)] — |

242

o
Ink = gim [lnlcpy(t)l + Aln|t| +T .

Do d6, bd ba (k, A, 0%) duoc xac dinh duy nhét bai @y. Khi cac tham sé nay da
dugc biét, phan du Y(t) ciing duge xac dinh duy nhat dudi dang

@y(t)

VO = e

Do d6, ham dic trung @y (t), va vi thé ca phan phdi Fy, déu dugc xac dinh duy
nhit. Bic biét, néu mot phép phén rd khac Y = X’ + ¢’ thoa min @y = @y, thi
budc phai co

(&, X,0'%) = (4,02, V') =y,

Do d6 Fy = Fy. Diéu ndy chtng minh tinh x4c dinh (identifiability) cta cap
(FXI G) .
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(b) Tinh uoc luong dugc

Biéu thirc thu dugc trong phan (a) dan truc tiép dén

8
= lim 55 [2Infey (D] — Inloy (t/2)] — Inley(20)]],

qua d6 cung cdp mot dang ham c6 thé udc luong duoc cua phuong sai nhidu.
Diéu nay hoan tt chimg minh.

Ching minh Pinh ly 2

Ching minh phén (a)

Ta co,
— 1 20p 8 e -
o) @M UROD Ik (52D
° ~ InH, (Ig7(20D]de - o2
1 2wy
~— [ 100+ 0 + 00 + 4Ol
trong do,

8
UM = ez [2InHe (Joy (D) — InHe (lpy (t/2)]) — Ine(lpy (2OD] — o?,

16
QM = ez InHe (loy(OD — InHe oy (OD],
8
QGO = ez InHe (loy(t/2)D) — In He (I9y (t/2)D],

8
QM = ez I He (loy(29]) —InHe (19y(2OD]-

Budc 1. Chan cho Q4 (t)
Déi véi t di 16n, tinh tryc tiép s& cho

QO = (2 He ey (O ~InHe (ov(t/2)) ~ Ine(lgv(20D] = o
% [21nlx (O] = Inlx(t/2)] = Inlex (20)] +5-0?] — o

=5z [2 In|1+ Y(t)| — In|1 + P(t/2)] — In]1 + Y (20)]].
Vi n 1én, sé co

20p

1 2
o Q,(Ddt

nwn

<

8 20)n1 2
— f S 21601 = (/2] - [Wlldt
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64 2wp
T 8lwi ),
3[4l + [t/
2wp 1
+ |1|J(2t)|2]dtf T dt
Wn
G
=0 )

Budc 2. Chan cho Q,(t).
Do e~ /2 < H,(v), ta c6

. .2
[InH; (u) — InH; (v)| < e° 2t2/ZIHt(u) —H(v)| <e° t2/2|u —v|, Vuv

€ R.
Do do,
1 2wp 2wp 1
o), Q0w = ‘9% fmn = N H (17O ~ InH, (EGv(OD]dt
*2
f e P12\ G3(0) — E@y(D)ldt
Wp
S 16 ([P0 L ey )" | Te
- 9"0n oy t4 e o Py
1/2
— E@(t)lzdt) .
Hon nira, Vi
U S
Vargy (t) = HVar(elt 1) < = vVt € R,
suy ra rang
1 [2@n 2 C, 2wp 1 2, 2wp C, 40*? w3
E|[— tdt| <— ot gt Var gy()dt < —————.
o) woa] S5 TR e Nargoas ==
Budc 3. Chan cho Q5 (t) va Qu(t).
Bing cac 1ap luan tuong ty, chung toi suy ra rang
1 [2%n 2 Cs 640*2 w3 1 [2%n 2
E —f Q;(Ydtf < —5—, E —f Q. (t)dt
Wn Jg, n Wn Jy,
C4e46*2w% (9)
nwi
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Budce 4. Két hop tat ca cac chan lai.

2wp

Qr(t)dt |2>

Wn

Két hop (7), (8) va (9), thu duoc

4
1
E(62 —o0?)’ < 4ZE<|—
n (Dn
k=1
40" 2 w3

i 4 4(C, +Cy +Cy) S
—wrzla+5 2 3 4 nooﬁ'

St dung gia thiét 0 < c,, < 1/(20%), sauy ra 1 —40*%c2 > 0. Dit w, =
CoovInn’ sé co

2
40*“ w3 1

e

n - n1—46*2cﬁ,'

va do do,
E [(Gﬁ)n — 02)2] < C(Inn)~(@+5/2),
Charng minh (b)
Tur cOng thac
£ 1 1 - ap s2t2/2 sint(Yj — X) d
X wpa, X = 57 Ez J;) e — t
j=1
S€ co
a 2 . 25 a
E (Fxwpan () = Fx(¥) " = Bias?Fy g, a, (x) + Varfy 0, (x),

trong do,

Bias F Y R d
1as X,wp,an (X) - t m[e (PX(t)] t,
an

an i -
Var lE‘Xoo a (X) = 1VEﬁlI‘ lf eS%tZ/Z —Slnt(Yl X) dt |.
©oen n TJy

t
Ap dung bat dang thirc Cauchy-Schwarz,

ox(t)
t

1 © 1 1/2 ® 1/2
< - ——dt 2%y (V)|? dt
=4 t2at2 Px

an ap

(Ll)l/Z

- m2a+ 1af1‘+1/2'

dt

[Bias Fxwpa, (0] < Ln

Mait khac,
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1 1 (3 sint(Y; —x an ; _ 2
—Var (—J eSht?/2 # dt> < lE <lf eS&t2/2 sint(Y; —x) dt)
0 0

n n “n \T t

2
< E 1fan esrz’tzfmsin[t(‘ﬁ —x+p)] e_pz/(zsﬁ)d dt
“n2n \mJ, S, t pat)

— 00

Ap dung dinh ly Fubini,

1 J‘an eSht’ f*‘” sin[t(Y; — x + p)] e P*/(25%) dodt
)y Shn Jow t P
+00 an o _ S3t?
< 1 o-D?/(25%) f sin[t(Y; —x+p)le at ) dp
TSy J_ oo 0 t

)
1A

+o an gj — .
< iesrzlarzlj o—P2/(252) f sin[t(Y; —x + p)] dt)dp < oSty vem
TSy —o 0 t

Suyra

n @SRt [Hoo g _ x— p)]e-P/(25} 2 o
(1 fa e f* sin[t(Y; — x — p)] e P/ )dpdt) < ;nez"*zaﬁ.
0

m Sn J_ow t
Do do,
20%%a2
Var F x) < :
X,u)n,an( ) nzm
Két hop bat dang thic cho Bias Fy . () va Var Fx, a (%), taco
- 5 eZG*Za,Z1
E (Fwpan () — Fx®) < Cia, @ 4 ¢,
Str dung gia thiét 0 < ¢y« < ﬁ% tacol— Zo*ch,* > 0. Chonay = cy g
khi do
2 %2 %
e @ — n—(1—20*2c§*)
- :
Suyra

2
E (Fx'wn,an(x) - Fx(X)) < C(Inn)~(@+1/2),
TUYEN BO XUNG DOT LGOI iCH

Céc tac gia dong ¥ khong c6 bat ky xung dot 1oi ich ndo lién quan dén cac két
qué di cong bd.
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ABSTRACT
The deconvolution problem in a classical measurement error model was investigated where con-
taminated observations were given by Y; = X; +¢;, € ~ N (0,62) , with unknown noise variance

o2. The objective was to recover the cumulative distribution function Fxof the latent target vari-
able X from a single sample of noisy observations. In contrast to the majority of existing literature
which primarily focused on density estimation, a direct inference on Fy, a functionally rich object
with broad applications in risk assessment, hypothesis testing was aimed and classified. A two-
step semiparametric estimation procedure was proposed. First, the noise variance 6 was directly
estimated from the contaminated data. Second, the resulting estimator was plugged into a de-
convolution object with broad applications in risk assessment, hypothesis testing was testetd. A
two-based reconstruction method to obtain an estimator of Fx. when Fxbelonged to an ordinary
smooth class, characterized by the polynomial decay of the characteristic function within a Sobolev-
type regularity framework, namely (@x (¢)| =< (14 (¢|)~%, the proposed estimator attaining the

convergence rate (lnn)_<°‘+1/2)was established . This rate coincided with the minimax-optimal
rate achieved in the case of known noise variance, demonstrating a full adaptivity with respect to
the unknown noise level without any loss of statistical efficiency. Importantly, this approach did
not require any auxiliary sample, such as pure noise observations or repeated measurements, mak-
ing it particularly suitable for experimental settings with limited data availability. To the best of
our knowledge, this was the first work providing a complete theoretical guarantee for distribution
function estimation in the Gaussian deconvolution model with unknown variance in the ordinary
smooth regime.

Key words: Deconvolution, Cumulative distribution function, Gaussian noise, Semiparametric
estimation
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