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SU SUY SUP TU HAP DAN CUA SAO BOSON BAN TUONG POl TiNH

Dinh Thi Nguyén'?

TOM TAT

Bai bao nay nghién clu co ché sup d8 tu hdp dan trong cac sao boson théng qua mdt mé hinh
ban tuong déi tinh c6 nguén goc ti ly thuyét ngung tu Bose-Einstein. M6 hinh duoc xay dung tir
phuong trinh Hartree ban tuong déi tinh vdi thé hdp dan Newton, trong dé dong nang dugc biéu
dién bai toan tl v —A +m?2, v6i m la khéi luang hat boson. Hé nay ton tai mét khéi luong tdi han,
tuong tu nhu gidi han Chandrasekhar déi véi cac sao fermion. Khi téng khéi lugng clia ngdi sao
boson tién gan dén gia tri ngudng nay, cac nghiém trang thai ca ban biéu hién co ché tap trung
khéi lugng manh mé va xuét hién hanh vi tiém can dac trung. Muc tiéu chinh clia bai bao la mé ta
chinh xac qua trinh nay théng qua phan tich hanh vi tiém can va co ché tap trung khéi luong khi
tién gan dén ché dé téi han. Phuong phap clia chiing ti chd yéu dua vao ky thuat gidi tich bién
phan, cac bt déng thic ham noi suy, va phan tich ti [é clia ham nang luong. Cac két qua thu dugc
g6p phén lam sang té ban chat todn hoc clia hién tuong sup dé tu hdp dan trong cac hé boson,
déng thai maé rong céc ly thuyét phi tuong déi tinh hién cé sang khuén khé (ban) tuong déi tinh.
Ngoai ra, chiing cling déng gop vao viéc mé ta dinh lugng cdu triic clia cac sao boson va ngung tu
Bose-Einstein tu hdp dan trong céc ché d6 nang luong cao. Khung ly thuyét nay co thé dugc xem
nhu budc trung gian quan trong gitra moé hinh Hartree phi tuong déi tinh va cac mé hinh trudng
luong tir day dd trong vat ly thién van.

Turkhoa: Ngung tu Bose—Einstein, phuong trinh Hartree ban tuong déi tinh, sao boson, tu hdp dan
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MG PAU

Trong bai bao nay, ching t6i nghién ctu hién twong sup do hap dan cua mot ngdi sao
boson ban twong ddi tinh trong khuén khé cua ly thuyét xap xi ban ¢ dién. Trong tam 1 bai toan
bién phan

1
El = inf{&‘g[u]:u € HZ(R3), | |u(x)|?dx = 1}, (1D
R3
thudng duoc goi la ning lugng Hartree. Phiém ham ning lwong Hartree twong tng dwoc cho boi

_— 2w [u () lu(y) 2
ESlu] = fRs dx > ffRSXRS dx dy. (2)

|x —
O day, m > 0 biéu thi khéi luvgng cua cac hat boson giéng hét nhau, va toan tir V—A + m2 dugc
dinh nghia thong qua bién doi Fourier, cu thé la

2
dx = f JI2mk |2 + m2|a(k)|? dk.
R3

Hang s6 lién két w > 0 trong (2) biéu dién cudng do cua twong tac hap din Newton, va dong vai
tro quan trong trong phan tich cua chung téi.

2Yiu(x)

(-A+m
3

Phiém ham ning lwong (2) md ta niang luong hiéu dung trén mdi hat cia mot ngdi sao
boson, dugc suy ra tir Iy thuyét co hoc luong tir nhiéu hat, va c6 thé duoc tim thiy trong [1].
Trong béi canh nay, ta ¢ thé hiéu w = gN, trong d6 g 1a hang sé hap dan va N 1 s6 luong hat.
Mot thuc té co ban 1a ngdi sao boson s& sup d6 khi N vuot qua mét gi tri toi han, duoc goi la
gioi han Chandrasekhar. Trong mo hinh higu dung (1), hién tugng sup do nay duoc thé hién don
gian boi EX = —oo khi w vuot qua mot gid tri téi han w,. Do tdn tai sy can bing gitra dong nang
va thé nang tuong tac, gia tri t6i han nay duogc xdc dinh mot cach ty nhién nhu 1a hang s6 téi wu
trong bat dang thac noi suy

o f fR3XR3 lu(ﬁlz_luy(fl I e dy < fRS |(—A)%u(x)

2
dxf lu(x)|? dx, (3)
R3

1 , , . P 5
véi moi u € Hz(R3). Ta da dugc biét (xem, chang han, [2]) ring bat ding thirc (3) c6 ham dat

A 14 At A 2 4 thA A= . A N A
cuc tri, cu thé 1a mot ham Q € Hz(R3), co thé chon sao cho duong, doi xang cau va giam dan.
Ngoai ra, ham nay théa man cac di¢u kién chuan hda:

2 W Q)I?1Q()I?

|x — I
1 r
Hon nita, Q € Hz(R3) la nghiém duong cta phuong trinh phi tuyén

V=2Q + Q — w.(Jx|71*QHQ =0 (5)
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va 6 tinh chét suy giam dai s6 (xem, chang han, [3])
Q)< C+ |xP~™

Tinh duy nhét (ngoai trir phép tinh tién va co gian) cua ham dat cuc tri cho (3), cling nhu cia
nghiém duong cho phuong trinh (5), van 1a mot van dé mo (xem [4] dé biét thém thao luén).
Trong phan sau, ching tdi ky hiéu % 1a tap hop tat ca cac ham duong, dbi xing cau va giam dan,
thoa man (4) va (5).

KET QUA VA THAO LUAN

Muc tiéu nghién ctru ciia ching toi 13 sy ton tai va hanh vi tiém can cua cac ham cuc tiéu
Hartree trong ché do sup d6. Ta c6 két qua sau.

PINH LY 1.1. Gid sirm > 0. Khi d6 ta cé cdc két qua sau:

i)  Bai toan bién phan EX trong (1) c6 cuc tiéu (dwong, doi ximg cau, giam dan) néu va chi
néuo < w < w,.

i)  Cho day {wy} sao cho wy, 7 w, khi k — o, va Uy la day cuc tiéu dwong cia Eg.. Khi
dé ton tai Q € I sao cho, ngoai trir phép tinh tién va chon day con, ta c6 su héi tu mqnh

1
trong Hz(R3),

3
. -2 -1 _ /. _ We 1 1
lim £, 2uq, (6" ) = Q voi £ =m /7&2& n7w| (we = wi) 2, (6)
Ngoai ra, nang lwong Hartree cé hanh vi tiém cgn
1 2
: H _ 2 -z
Jim 2t = jot -0 ?

~ Mgnh d& trong PINH LY 1.1(i) da dugc néu trong [1], nhung khong c6 ching minh chi
tiet. Hon nira, chung minh cia DINH LY 1.1(ii) c6 thé tim thay trong [5], dya trén phan tich chi
tiet cua phuong trinh Euler—Lagrange twong (thg v&i ham dat cuc tiéu u,, caa (1), tic la

1
(=8 +m?*)Zuy, — w(Juy|® * | - |7 Duy = pole.

O day, nhan tir Lagrange duoc xac dinh, dudi su rang budc ||u,, IIZz =1, boi

) u,, (x)]?|lu 2
w:Eg__ff lug, GO u, (W) dx dy.
R3xR3 lx — ¥l

Muc tiéu cia bai bao nay 1a dua ra mot chitng minh thay thé cho PINH LY 1.1 bang
phuong phap giai tich bién phan, ddng thoi khai thac tinh chat dic biét cua cac cuc tiéu Hartree
1a d6i xting cau va giam dan. Khac vai huéng tiép can sir dung phuong trinh Euler-Lagrange
nhu trong [5], bai bao nay sir dung truc tiép phuong phap giai tich bién phan, céc bat dang thic
ham noi suy, va phan tich ti 18 cia ham nang luong. Diéu nay gidp bai toan tré nén ty nhién hon
tir goc do nang luong va tranh duoc mot sé phuc tap k§ thuat khi xu 1y phuong trinh dao ham
riéng phi tuyén nhu cach tiép can truyén théng Euler—Lagrange trong [5].
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HUONG PHAP VA CHUNG MINH

Su ton tai cia cac cuc tiéu Hartree

Trude hét, ta ching minh sy khéng ton tai cuc tiéu khi w > w, trong DINH LY 1.1(i).
Giasir Q € XK. Ta su dung nguyén ly bien phén, va bat dang thac toén tir

2
\/—A+m2S\/—_A+2:/n—__A, (8)

c6 thé duoc chung minh d& dang bang bién dbi Fourier. Khi do, ta co

(-1)71Q

3 w mZ 2
0<EH <égH [ﬁ {’~]S{’(1——)+— .
w we Q( ) W, 27 .2
Ly gidi han £ — oo, ta thu duoc
0 néu w = w,
-0 néuw > w,
Tiép theo, ta chang minh rang bai toan bién phan (1) c6 cuc tiéu véi moi 0 < w < w,.
Trudce hét, ta nhan thay rang EXl < m. DBé thay diéu nay, ta dung bat dang thuc toan tir

—A
V=A+m?<m+—, 9)
2m
cling co thé dugc ching minh bang bién ddi Fourier. Khi d6, bai nguyén ly bién phan va mot
phép ty I¢ don gian, ta cd

|¢(x)|2I¢>(y)I2d
|x — yl

3 22 tw
Ej <&y [£2¢({’ -)] Sm+—J Ve (x)|? dx——ﬂ xdy <m,
2m Jga 2 Jgaxgs

Vi ¢ € € (R®) 1a ham tron cb dinh thoa ||p]|% = 1, va £ = £(w, ) > 0 dugc chon di nho.

Bay gio ta c6 thé chiing minh su ton tai cua cuc tiéu Hartree khi 0 < w < w, bang
phuong phép giai tich bién phan. Trudc hét, ta nhan thay rang cac cuc tiéu Hartree (néu ton tai)
c6 thé dugc chon d6i xting cau va giam theo ban kinh, nho bét dang thuc sip xép lai (xem, chang
han, [6]). Goi {u,} 1a mot day (dbi xing cau, giam theo ban kinh) cyc tiéu hoa cho El, tuc la
”un”iz =1va

EH = lim €fl[u,,].
n—>0oo

Tu (3),taco

12
(=8)*uy

EH[u,] > (1 _ wﬂc) JW
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1 r b 1 r r N
biéu nay cho thay {u,} bi chan déu trong Hz(R3). Sau khi tinh tién (néu can) va trich ra mot day

con, ta ¢ u,, — u, yéu trong Hz(]R3) va hau khip noi trong R3. Mt khac, do phép nhing
Sobolev, {u,} ciing bi chan déu trong L? n L3(R3). Vi {u,} 1a diy duong, d6i xitng cau va giam,
ta suy ra

lun IP < IBR3(0,x)I_1f lunMIP dy < [Bgs (0,17 x| llunll}»
lyl=lx|

véi moi x € R3\ 0va 2 < p < 3. Do do, ta co udc luong déu theo n:
. _3 1
lu, ()| < m1n{|x| 2, x|~ } =: f(x).
Ngoai ra, d& thay rang, véi moi 2 < g < 3,

f(x)? dx < oo.
R3

Theo dinh ly hoi tu bi chan, ta c6 u,, = u, manh trong LI(R?) véi moi 2 < g < 3. Nho tinh chat
hc}i tu tot noi trén,’ta sé chimg minh dugc rang u, thuc su la cuc tiég cua EH. Truéc het, uy £ 0,
neu khong, theo bat dang thiac Hardy-Littlewood-Sobolev (xem, chang han, [6]), ta s& ¢6

w, ()% |u 2
lim J‘f |y, OO [u, (W) dx dy = 0
n-o JJp3%Rr3 Ix_yl

va do d6, véi diéu kién chuan hoa [lu,ll% = 1,

2

1
EH = lim E[u,] = lim (=A + m?)3u,(x)| dx =>m.

n—-oo n—-oo

R3
Diéu nay trai voi E! < m ma ta da quan sat trude d6. Bay gio, ta dinh nghia phiém ham ning
lurong Hartree hiéu chinh

Fillul = EGul —m | |u(x)|? dx.
R3

Cha y rang nang lugng lién két twong tng EX thoa
1
E}N = inf{iﬁﬁ‘[u]:u € HZ(R?), [ |u(x)|? = 1} =El-m<o.
R3
Str dung b6 dé Fatou cho phan dong ning hiéu chinh, bat dang thac Hardy—Littlewood—Sobolev

. . 1 . L .
cho phan twong tac, tinh hoi tu yeu trong Hz(R3) cling véi hoi tu manh trong L1(R3) (véi 2 <
q < 3), ta thu dugc
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Bl = lim [l + m = F o]+ m = g B [=20—| + 1 2 Nl + m

lluoll 2
>Fl+m=ELL

O day, ta da ding 0 < [lu,ll? < 1, boi bd dé Fatou va sy hoi tu yéu trong L2, va Fi < 0. Vi vay,
moi dau bang phai xay ra, va ta phai co |luell?. = 1. Diéu nay ching minh rang u, la cuc tiéu
cua ELL.

Hanh vi cda cuc tiéu Hartree

Trong tiéu muc nay, ching t6i chang minh hanh vi suy sup cua cac cuc tiéu caa EX trong
DINH LY 1.1(ii).

Gid st wy, 7 w, khi k — oo va dit uy = u,, 13 cuc tiéu duong cua EL,. Truéc hét, ta
tinh can trén chinh xac cho EfI . Ldy W € K thi W théa mén (4) va (5). Tt (8), ta c6

1P W, — W
wil +e——%
LZ

3
EH <¢gl [ﬁW(f -)] <
wC

W —

T6i wu hoa theo moi £ > 0 va W € K., ta thu dugc can trén nang lugng mong mudn trong (7).
Ta chiing minh cén duéi tuong ung cua néng lugng trong (7) bang cach chiung minh sy hdi tu
cua cac cuc tiéu.

Trong phan tiép theo, ta chang minh rang day cuc tiéu {u;} suy sup theo nghia 1a dong
ning tién dén vo han. B¢ dai suy sup hiéu chinh dugc xac dinh boi hang tir dong nang, va s&
duoc nhan dang véi do dai suy sup gdc. Ta co két qua sau.

. 1 2 \
BO PE 2. Dat 67" = || (—a)iu ||L Khi d6 cdc ménh dé sau diing:

i) 6k » Okhik — co.
i) Ton tal Q € XK sao cho, sau khi tinh tién va trich ra mét day con, ta c6 su héi tu manh

hm 52 uk(5k ) = Q trong Hz(]R3)
Chizng minh.

. S < : 3 1 .
i)  Gia su nguoc lai rang, sau khi trich mot day con, {u,} bi chin déu trong Hz(R3?). Khi d6
S 1 TS « 5 .
ton tai u, € Hz(IR®) sao cho, sau khi tinh tien va trich mot day con, u, — u, hau khap

. 1 . . s
noi trong R3 va hoi tu yeu trong Hz(R?). Thuc teé, sy hoi tu nay la manh trong LI (R3)
véi moi 2 < g < 3, vi {ug} 1a ddy ham duong, doi xirng cau va giam dan. Néu u, = 0 thi

theo bat dang thirc Hardy—Littlewood—Sobolev, ta c6
2

1
(—A + m?)3u, (x)| dx = m.

am Eo, = Jim, |
Tuy nhién, diéu ndy mau thuin véi can trén cua ning luong Hartree trong (7). Do do,
uy % 0. Tai budc nay, ta su dung bo dé Fatou, bat dang thuc Hardy—Littlewood—-Sobolev,
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su hoi tu yéu trong H%(]RP), cling va&i hoi tu manh trong LI(R3) (V&i 2 < g < 3) cua ug
dén u,. Ta thu dugc
Ilg?OEal-)lk 2 ggc[uO] > ggc[u()]lm:o 2 OI
trong d6 ta da str dung (3) & bat dang thiic cudi cung, cling véi thuc t€ 0 < [lugll? < 1,
boi bo dé Fatou. Mot 1an nira, diéu ndy mau thuan véi can trén nang luong trong (7).
Suy ra rang ta phai c6 8, — 0 khi k — oo.
3

batw, = 5,fuk(6k ) va viét lai ham ning luong:
6kEaI-)Ik = Sgk[wk]|m=0.
Hién nhién rang {w,} bi chin déu trong Hz(R3) vi
2
=1 = |lwgllZ.
LZ

1
G R
Hon nita, vi day {u} ¢ tinh duong, d6i xang tdm va giam theo ban kinh, nén day {w; }
cling c6 céc tinh chat d6. Do do, ton tai wy, € Hz(R3?) sao cho, sau khi tinh tién va trich

\ 7 - 4 l N
day con, wy = w, hau khip noi trong R3, hoi tu yeu trong Hz(R3?), va manh trong
LI(R3)v&i moi 2 < g <3. Néu w, = 0thi theo bat ding thuc Hardy-Littlewood—
Sobolev, ta c

2
dx = 1.

1
. H . H _ . _
lim 8 Egy 2 lim €4, [wy] T Jim .y (=8)4wy (x)
Tuy nhién, diéu nay mau thudn véi thyc té rang 6, Ef — 0 khi k > oo, theo can trén

ning luong trong (7). Do d6, w, Z 0. Bay gio, ta lai st dung bd dé Fatou, bt dang thirc
1

Hardy-Littlewood—Sobolev, sy hoi tu yéu trong Hz(R?), cing sy hoi tu manh trong
L1(R3) (v6i 2 < g < 3) cia wy, dén wy,. Tacod

_ T H . ¢cH
0= 111_)1‘2106RE > Ill_)ngogwk[wk]

Ho> > SSC[WOHm:O > (1 - ||W0||22)
0:

1 2
m=0 L2

trong d6 ta di sir dung (3) & bat dang thirc cudi cung, cing véi 0 < [lw,ll% < 1, boi bo
d& Fatou. Pang thuc phai xay ra trong biéu thuc trén. Do d6, |lwoll’z =1 va

||(—A)iwk||; hoi tu dén ||(—A)%w0||; khi k — co. Theo bé d& Brezis—Lieb [7], ta két
luan rang wy, hoi tu manh dén wy, trong H%(]R3). Piéu nay két thic chang minh BO BE 2.
Bay gio, ta quay lai chiing minh két qua chinh. Liy ¢, nhu trong (6) va dit wy, =
6§uk (8, ) la day trong BO BE 2. Sir dung bat dang thic toan tir

2

m
J-A+m?2 >VoA+ ——,
2V—A+m?
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c6 thé duoc chang minh bang bién doi Fourier, ta c6

—w wy (x)|?|w 2
+ kﬁ' [wi () |7 lwi (W) dx dy. (11)
L2 26y R3xR3 lx — yl

2

1
Eg, = 6 —||(=A + m?67) 4wy,

Theo bd dé Fatou, ta co

2 2

1
> inf ”(—A)_ZW

12 WeX

(—A + m?62)” 4Wk

=fen

lim
k— ©

(12)

Theo bat dang thirc Hardy—Littlewood—Sobolev, ta c6

. lwi ()12 w () * Q()I? IQ()/)l2
1 = . 1
k1—>r12‘3 ff]}@x]}@ |x - }’| dx dy '[—[]R3X]R3 |x - yl dx dy ( 3)

Nhan hai vé ciia (11) voi €, str dung can trén nang luong Hartree trong (7), cling véi (12), (13),
va (4), ta suy rarang

1> —(1 +o(1)+=——=(1+0(D). (14)

24,05
Vi Vé tréi 1a hitu han va khéng phu thudc vao k, ta két luan rang €68, bi chin déu ca trén va dudi.
bac biét, ton tai hang so duong 4 > 0 sao cho

Ilim{’ké'k =A1>0.
L4y gigi han k — oo trong (14), ta duoc

1>— A + ! > 1. (15)
24—
O day ta da dung bét dang thuc Cauchy-Schwarz trong bat dang thic thir hai cua (15). Do do,
dang thirc trong (15) phai xay ra vei gia tri t6i vu A = 1. Piéu nay xac dinh d6 dai suy sup &
trong BO DE 2 triing véi £3* trong (6).
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ABSTRACT

This paper investigates the gravitational collapse mechanism in boson stars through a semi-
relativistic model derived from Bose—-Einstein condensation theory. The model is built upon a semi-
relativistic Hartree equation with Newtonian gravitational potential, where the kinetic operator is

given by v —A +m?, with m denoting the boson mass. This system possesses a critical mass thresh-
old, analogous to the Chandrasekhar limit for fermion stars. As the total mass of the boson star
approaches this critical value, the ground-state solutions exhibit strong mass concentration and
characteristic asymptotic behavior. The main objective of the paper is to provide a precise descrip-
tion of this phenomenon. Our approach relies primarily on variational analytic techniques, inter-
polation functional inequalities, and scaling analysis of the energy functional. The results obtained
shed light on the mathematical nature of gravitational collapse in bosonic systems and extend
existing non-relativistic theories to the (semi-) relativistic framework. Moreover, they contribute
to a quantitative understanding of the structure of boson stars and self-gravitating Bose—FEinstein
condensates in high-energy regimes. This theoretical framework can be viewed as an important
intermediate step between the non-relativistic Hartree model and fully relativistic quantum field
models in astrophysics.
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